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A SIMPLIFIED SOLUTION OF THE PROBLEM OF ELASTOPLASTIC EQUILI- 
BRIUM OF A CYLINDER IN A NONUNIFORM TEMPERATURE FIELD 
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A solution is given of the problem of thermal stresses in a solid 
circular cylinder, allowing fc~ compressibility of the material 
and the Mises plasticity condition. It is shown that the radial and 
annular stresses are determined by simplified fctmulas with suf- 
ficient accuracy for engineering purposes. 

In the a n a l y s i s  of c y l i n d r i c a l  bodies  in the s t r e s s e d  
condi t ion in a nonuni form t e m p e r a t u r e  f ie ld ,  a p l a s t i -  
c i ty  condi t ion  of the s i m p l e s t  type is used  in some  
p a p e r s  [I, 2]. 

U O - -  O r ~ -  - -  2 k .  (i) 

Here the radial and annular stresses .in the plastic 
strain region are statically determinate and are found 
by integration of the equation of equilibrium 

O Or O~--% _ 0. (2) 
0 - 7 - + - - - 7 - - -  

In p a r t i c u l a r ,  when the re  is p l a s t i c  s t r a i n  in the p e -  
r i p h e r a l  Layers of the s ec t ion  of a c y l i n d e r  hea ted  f rom 
within and t h e r e  a r e  no e x t e r n a l  loads ,  i . e . ,  when 

iOr Ir=R -- 0, (3) 

the r a d i a l  and annu la r  s t r e s s e s  a r e  d e t e r m i n e d  by the 
r e l a t i o n s  

R 

or = 2 ~ --,kdrr (4) 

r 

R 

In the e l a s t i c  s t r a i n  reg ion  (0 ~ r _< r0) , a s s u m i n g  no 
ehange in the e l a s t i c  c h a r a c t e r i s t i c s  of the m a t e r i a l ,  
the s t r e s s  components  a r e  d e t e r m i n e d  by the r e -  
la t ion  [1] 

r0 r 

a--E-E / I S I yTrdr)-Jr- s (6) ~ = 1 - -  ~ ~-~0 2 Trdr - -  7-  % '  
0 0 

ro r 

o~ = ~ Trdr + - ~  Trdr --  T + o r  s ,  (7) 

0 0 

the cont inui ty  of r a d i a l  and annu la r  s t r e s s e s  being 
m a i n t a i n e d  at  the boundary  be tween the r e g i o n s ,  i . e . ,  

S . l S ~149 %0' %0 = ~ for r = r o. (8) 

The d e t e r m i n a t i o n  of longi tud ina l  s t r e s s e s  in a c y -  
l i nde r  r e q u i r e s  m o r e  de t a i l ed  study of the i n t e r r e l a -  
t ion of s t r a i n s  and s t r e s s e s  in eLas toplas t ic  d e f o r -  
mat ion .  

In us ing  the theory  of s m a l l  eLas top las t i e  s t r a i n s ,  
the s t r a i n  and s t r e s s  components  a r e  i n t e r r e l a t e d  by 
the Hencky equa t ions :  

er = "r + N o  + a T ,  

e0 = ~(% - -o) /2G + N o + a T ,  (9) 

ez = * ( a z - - o ) / 2 G  + N o  + aT .  

F r o m  the l a s t  equat ion of (9) we find 

1 3---G(~z--No--aT). (10) 
oz = T (~" + ~o ) + r 

F o r  a c o m p r e s s i b l e  m a t e r i a l ,  the p l a s t i c i t y  m o -  
dulus ~b is d e t e r m i n e d  by the type of s t r e s s  condi t ion,  
which m a k e s  i t  m o r e  d i f f icul t  to find a z f rom (10). In 
th is  connect ion ,  in o r d e r  to find az,  add i t iona l  s i m p l -  
i f i ca t ions  in the fo rmula t ion  of the p rob lem a r e  made .  

Use is m a d e  in [3,4] of the a s sumpt ion  of i n c o m -  
p r e s s i b i l i t y  of the m a t e r i a l  in the p l a s t i c  s t r a i n  r e -  
gion,  a l lowing exp l i c i t  e x p r e s s i o n s  to be obtained for  
the p l a s t i c i t y  modulus  and the longi tudina l  s t r a i n .  

It has been  shown in [4] that  when the T r e s k  c o n -  
di t ion is used  and the m a t e r i a l  is a s s u m e d  to be i n -  
c o m p r e s s i b l e  Q~ = 0.5), the p l a s t i c i t y  modulus  is 
d e t e r m i n e d  by the equat ion 

r~ T ( r ) - - - - ~ -  T(ro) - - ' - ~ "  Trdr. (11) (r) = . r T  _L T rg . 
ro 

The longi tud ina l  s t r a i n  is 
R 

s t =  0 .5aET(ro) - -o(ro)  + k - - ~ - - - 1  - -  

ra 

a R (12) 
2 a E  [' Trdr ] (1 +-~-~ 

+ r--~--o j - - ~ - j  [ E  2 j ' _ ~ ) l  -x. 
ro ro 

If, in addi t ion  to the a s sumpt ion  of i n c o m p r e s s i b i -  
l i ty  of the m a t e r i a l ,  a s i m p l i f i e d  e x p r e s s i o n  for  the 
t e m p e r a t u r e  f ie ld  is used  in the form 

r (r) = A T,. r2/R 2, (13) 

we find f rom (11) and (12) that  

* = _ _ _ _ ,  e, 2 l+21n(R/r0)"  
(14) 

When the distribution is parabolic, expressions 
(6) and (7) take the form 

t aEA T m 1 --  + o, s ,  
o,-~ 4(I--~) (15) 

( " )  a E  A Tm - -  3"-~ ~c," 
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Thus ,  by making a n u m b e r  of a s sumpt ions ,  we may 
obtain very s imple  expres s ions  for the bas ic  p a r a -  
m e t e r s  to be calcula ted.  It should be noted that the 
p las t ic i ty  condit ion in the form of Eq. (1) may be used 
only when the longi tudinal  s t r e s s e s  (az) a re  i n t e r -  
media te  in magni tude  between the rad ia l  (Crr) and the 
annu la r  (aO) s t r e s s e s .  I n c a s e s  when this condit ion is 
not evident ,  it is n e c e s s a r y  to use the m o r e  genera l  
p las t ic i ty  condit ion of Mises  [5] 

(a, -- a0 )' -r (a~ -- o,)' + (az --  a,)' = 6k ~. (15') 

The solution is given below for the state of stress 
of a solid circular cylinder in a nonuniform tem- 
perature field. Compressibility of the cylinder ma- 
terial i$ allowed for (N ~ 0 in the Hencky equations) 
when using the Mises plasticity condition (15') and 
a constant yield point (k) is assumed. The solution is 
derived by using the trigonometrical formulation put 
forward in (6) during examination of the state of stress 
of a hollow cylindrical tube subjected to internal and 
external pressures. 

We express the stress components by the equations 

~s, = k(c--aT) /M + k(~. --sin(p), (16) 

aoS-----k(c--aT)/M + k(.~ + sin(p), (17) 

s k (c- -aT) /M+k((o- - l /3-cos(p) ,  (18) 
( l  z 

where M = 2(1 + g)/(1 - 2p) = const  and c = const .  
It is not hard to ver i fy that Eqs. (16)-(18) s a t i s -  

fy the Mises p las t ic i ty  condit ion (15'). Allowing for 
the condit ion e z = const ,  the equation of s t r a in  c o m -  
pat ibi l i ty may be wr i t ten  in the form 

0 ( e ~ - - e 0 )  + e,-eo _ 0 ,  
Or �9 

and, since 

we obtain 

~P Or 'r (aS--aS)~-r---,  p r ~ =:0. (19) 
r 

The last  of the Hencky equations leads to the re la t ion  

=2M[ ] M  . ( 2 0 )  

Subst i tut ing expres s ions  (9)-(11) into (2), (12), and 
(13), we obtain the re la t ion  

tv == - - ~  -t- 1 , (21) 

and the d i f fe rent ia l  equations 

0__~.~ = 2 sin (p 

Or r (cos ( p -  ~/gsin (p) 

l O~t  3cos(p +sin(p 

Or c o s ( p  | r3-sin ~ 

(22) 

O(p 2sin(p 
Or r[(l +~p/M)sin(p/V3--'- cos (p] (23) 

a OTIOr 
M [(l + ~/M) sin(p/}f3 + cos (p! 

Equating the r ight  s ides of (22) and (23), we have 

0 ~ p _  

Or 

----- [(V3-cos (p - -  3 sin (p)u 0T -- 2 M sin'(p (4 + ,/M)/r] X 
dr 

(24) 
~'< [cos (p (cos (p - -  I /3-sin (p) + (V'3- cos (p + sin qD) x 

x [l/3cos (p + sinqD(l + ,/M)IM/r -l. 

The sys tem of equat ions (22) and (24) may be s o l -  
ved by the method of finite d i f ferences .  Replacing the 
der iva t ives  by finite i n c r e m e n t  r e l a t ions ,  we obtain 
a sys tem of finite d i f ference equat ions:  

2Ar sin q~k 

(pk+~=%-- r~ cos(pk-- V 3 s i n ( p k  - -  

( (p. +s in  
\ ~k )cos (pk-- V3 sin (pk 

~ ) k §  = 
(25) 

= r + Ar[a[OT/Or]k(l/3cos(p~--3sin ~k)--2Msin'q~k X 

X (4 + ~dM)/r~] { cos (pk (cos (pk - -  V 3 sin r + 

+ (M/'~k) X (V'3"cos ~ + sin qDk)[I/3COS (pk + 

+ sin % (1 + CdM)l }-t. 

The sys tem (25) allows us to de te rmine  values of 
the functions ~0(r) and @(r) in success ion ,  s tep by s tep  
(Ar), beginning from the boundary r 0 of reg ions  of 
e las t ic  and plast ic  s t ra in .  The boundary values of the 
functions when r = r 0 a re  found in the following way. 

It follows from (16) and (17) that 

o~6 - -  as =: 2ksin (p, 

o s  _ f 
% = a r c s i n  ~ 1  . . . .  " 

(26) 

The di f ference of the s t r e s s e s  on the r ight  side of 
(26) may be found from the cont inui ty condit ion (8) 
at the boundary of the region,  taking expres s ions  (15) 

into account:  

ro 

, 2(l --~) 
0 

% = - -  r./2. 

- -2k .  

The modulus  of p las t ic i ty  at the boundary of the r e -  
gion is equal  to unity i. e . ,  @0 = 1. The solut ion of the 
sys tem (25) has been c a r r i e d  out for values  ~0 = -~r/2 
and @0 = 1, the region of plas t ic  s t r a in  (r 0 - r -< R) 

being divided into 20 in te rva l s  of equal width Ar s = 

= (R - r0)/20. 
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After  f inding the funct ions q~ and r the s t r e s s e s  in 
the plas t ic  region  were  calculated* from (16)-(18), 
and those in the reg ion  of e las t ic  s t r a i n  from (15), the 
cons tant  c being de t e rmined  from (16) al lowing for the 
boundary  condit ion (3). 

r I 
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T h e r m a l  s t r e s s  d i s t r ibu t ion  along the cy l inder  radius  
(MN/m2): a) a = 10 -~ deg- l ;  E = 19.6" 104 MN/m2; ~ = 
= 0.25; k = 147 MN/m 2 (steel}; AT m = 540 deg; b) a = 

1.5.  10 -5 deg'~; E = 22. 104 MN/m2; /~ = 0.25; k = 

= 294 MN/m 2 (steel); AT m = 600 deg; 1--az;  2--gO; 
3 - - a  r.  

The re su l t s  a re  shown in the f igure by sol id l ines 
for two se ts  of in i t ia l  p a r a m e t e r s  and compared  with 
those of ca lcu la t ion  (dotted l ines)  according  to the 
s impl i f ied  solut ion,  based on the assumpt ions  of i n -  
c o m p r e s s i b i l i t y  of the m a t e r i a l  in the plas t ic  s t r a i n  
region and the T r e s k  p las t ic i ty  condition. 

It may be seen  f rom the f igure that  the s t r e s s  r e su l t s  
f rom the two methods do not differ great ly .  In p a r -  
t i cu l a r ,  on the cy l inder  axis the s t r e s s  components  
found by allowing for compres s ib i l i t y  of the m a t e r i a l  
a r e  not  m o r e  than 3--4% less  than the co r re spond ing  
re su l t s  of the s impl i f ied  solut ion,  when ~s = 0.5 and 
N = 0. The d iscont inui ty  in longi tudinal  s t r e s s  d i s -  
t r i bu t ion  along the cy l inder  radius  a t  r = r 0 (using the 
s impl i f ied  solut ion),  caused by the difference in Po i -  
s s o n ' s  ra t io  in the two reg ions ,  does not exceed 5% 
of the m a x i m u m  values of gz" 

The ana lys i s  made  allows us to conclude that when 
there  is a compara t ive ly  s m a l l  region of plas t ic  s t r a i n  
encompass ing  the pe r iphe ra l  l aye r s  of the cy l inder  
sec t ion ,  the de t e rmina t ion  of t h e r m a l  s t r e s s e s  in the 
axial  region of the cy l inder  (i. e . ,  in the e las t ic  s t r a in  
region) on the a s sumpt ion  of i ncompress ib i l i t y  of the 

m a t e r i a l  and the T r e s k  flow condit ion is quite j u s t i -  
fied. 

It should addi t ional ly  be noted that  the above method 
of solving the problem by using a t r i gonome t r i c a l  
fo rmula t ion  is not suff ic ient ly  un iversa l .  

F rom compar i son  of the sys tem (16)-(18) with (8), 
we der ive  the condit ions c = e z. On the other hand, the 
magni tude  of the longi tudinal  s t r a in  ez was found f rom 
the condit ion that the momen t  of the longi tudinal  f o r -  
ces is zero,  i . e . ,  

R 

j'. cr z rdr = 0. (27) 
0 

In view of th i s ,  among the tes t  computa t ional  c o n -  
dit ions chosen (and presen ted  in the f igure),  we i n -  
cluded condit ions for which the choice of the cons tan t  
c = e z was assoc ia ted  with fu l f i l lment  of boundary  c o n -  
dit ions (3) and (27). Thus the method of solut ion d e s -  
c r ibed ,  which takes account  of the compres s ib i l i t y  of 
the m a t e r i a l ,  allows us to de t e rmine  uniquely only 
the r ad ia l  and annu la r  s t r e s s e s ,  while addi t ional  c o n -  
di t ions connected with the de te rmina t ion  of the long i -  
tudinal  s t r a i n  ez a re  r equ i red  for f inding the long i -  
tudinal  s t r e s s e s .  

In r ega rd  to this difficulty,  HiWs r e m a r k s  [5] 
should be noted. He as sumed  that the longi tudinal  
s t r e s s e s  in a cy l indr i ca l  tube a re  de t e rmined  by the 
s t r a in  h i s to ry  and should therefore  be found by means  
of a sys tem of Reuss kinetic equations ins tead of a 
sys t em of Hencky equations.  

N O T A T I O N  

o r, o O, Oz) radial, annular, and longitudinal components of the 
stress tensor: er, CO, ez) the same, for the strain tensor: T) excess 
temperature; c 0 coefficient of linear expamion; G) shear modulus: 
E) Young's modulus; k) yield point in shear; o S) the same, in tension; 
/J) Poisson's ratio; r) coordinate along the cylinder radius; r~) radius 
of the boundary between regions of elastic and plastic strain; R) 
cylinder radius; r modulus of plasticity. 
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